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Abstract 

In a seminal paper from 1983, Burr and Erdos started the systematic study of 
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Ramsey numbers of cliques vs. large sparse graphs, raising a number of problems. 
42 In this paper we develop a new approach to such Ramsey problems using a mix of 

the Szemeredi regularity lemma, embedding of sparse graphs, Turan type stability, 
and other structural results. We give exact Ramsey numbers for various classes of 
graphs, solving all but one of the Burr-Erdos problems. 
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1 Introduction 

Our notation is standard (e.g., see [3]). In particular, G (n) stands for a graph of order 
n; we write \G\ for the order of a graph G and k r (G) for the number of its r-cliques. The 
join of the graphs G and H is denoted by G + H. 

Given a graph G, a 2-coloring of E (G) is a partition E (G) = E (R) U E (B) , where 
R and B are graphs with V (R) = V (B) = V (G) . The Ramsey number r(Hi, H 2 ) is the 
least number n such that for every 2-coloring E (K n ) = E (R) U E (B) , either Hi C R or 

The aim of this paper is to develop a new approach to Ramsey numbers of cliques vs. 
large sparse graphs. We prove a generic Ramsey result about certain classes of graphs, 
thus producing an unlimited source of specific exact Ramsey numbers. This enables us to 
answer a number of open questions and extend a substantial amount of earlier research. 
Moreover, some of the auxiliary results used in our proofs may be regarded as general 
tools for wider classes of Ramsey problems. 

Let us recall the notion of goodness in Ramsey theory, introduced by Burr [S]: a 
connected graph H is p-good if the Ramsey number r(K p , H) is given by 

r(K p ,H) = (p-l){\H\-l) + l. 
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The systematic study of good Ramsey results was initiated by Burr and Erdos in [TJ; 
for surveys of subsequent progress the reader is referred to [TD] and [To] . 
First we outline some of the problems raised in [TJ. 

1.1 Solved and unsolved problems about p-good graphs 

In [TJ Burr and Erdos, probing the limits of p-goodness, gave some general constructions 
of p-good graphs and raised a number of questions, most of which are still open. To state 
the most important problem raised in [7] and reiterated in pU] and [TT], we recall that a 
graph is called q-degenerate if each of its subgraphs contains a vertex of degree at most q. 

Conjecture 1.1 For fixed q > 1, p > 3, all sufficiently large q-degenerate graphs are 
p-good. 

A weaker version of this conjecture was stated earlier by Burr in [8]. 

Conjecture 1.2 For fixed q > 1, p > 3, all sufficiently large graphs of maximum degree 
at most q are p-good. 

Brandt |5J showed that for p = 3 and q > 168, every g-regular graph of sufficiently large 
order and with sufficiently large expansion factor is a counterexample to Conjecture 11.21 
Using a different approach, in Section Owe show that, for p = 3, almost all 100-regular 
graphs are counterexamples to Conjecture 11.21 an d thus to Conjecture 11.11 

We shall answer in the affirmative all but one of the remaining questions raised in [7J. 

Write C n for the cycle of order n. Burr and Erdos [7J showed that the wheel K x + C n 
is 3-good for n > 5. This result motivated the following three questions ([7J, p. 50.) 

Question 1.3 Is the wheel K\ + C n p-good for fixed p > 3 and n large? 

Recall that the kth power of a graph G is a graph G k with V (G k ) = V (G) and 
uv G E (G k ) if u and v can be joined in G by a path of length at most k. 

Question 1.4 Is K\ + C k a p-good graph for fixed k > 2, p > 3 and n large? 

Question 1.5 Fix p > 3, I > 1, k > 1, and a connected graph G. Is it true that, for 
every large enough graph G\ homeomorphic to G, the graph Ki + G\ is p-good? 

Burr and Erdos estimated that finding an answer to Question 11.51 would be very 
difficult. In this paper we answer Question 11.51 in the affirmative, implying an affirmative 
answer to Questions 11.31 and 11.41 as well. 

Clearly, the clique number of p-good graphs must grow rather slowly with their order. 
Therefore, the following question comes naturally Q7J, P- 41.) 

Question 1.6 Subdivide each edge of K n by one vertex. Is the resulting graph p-good for 
p fixed and n large? 
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Burr and Erdos also asked a question about tree-like constructions of fixed families of 
graphs, which they called "graphs with bridges" ([7], p. 44). We restate their question in 
a much stronger form. 

Given a graph G of order n and a vector of positive integers k = (ki, . . . , k n ), write 
G k for the graph obtained from G by replacing each vertex i 6 [n] with a clique of order 
ki and every edge ij G E (G) with a complete bipartite graph K ki)k .. 

Question 1.7 Suppose K > 1, p > 3, T n is a tree of order n, and k = (k\, . . . , k n ) is a 
vector of integers with < ki < K for all i 6 [n] . Is p-good for n large? 

We shall answer Questions 11.61 and 11.71 in the affirmative. However, the following 
particular question raised in [7j is beyond the scope of this paper. 

Question 1.8 Is the n-cube 3-good for n large? 

1.2 Some highlights on Ramsey goodness 

We list below several important results on Ramsey goodness. 

Define a q-book of size n to be the graph B q (n) = K q + nKi, i.e., B q (n) consists of n 
distinct (q + l)-cliques sharing a g-clique. 

Fact 1.9 ( [26J ) For fixed q > 2, p > 3, and large n, 

r (K p , B q in)) = {p - 1) (n + q - 1) + 1. 

In the following results K p is replaced by a supergraph H D K p such that r (if, G) = 
r (K p , G) for certain p-good graphs G. 

Fact 1.10 (|13j. P-6J) For fixed m > 1 and large n, 

r(B 2 (m),C n ) = 2(n-l) + l. 
Fact 1.11 ( [30J , |17| ) For fixed p > 2, m > 1, and am/ iree T n of large order n, 

r (B p (m) , T n ) = p (n - 1) + 1. 

Write iC p (ii, . . . , t p ) for the complete p-partite graph with part sizes t±, . . . , t p and set 
Kp(t) = K p (t,...,t). 

Fact 1.12 (J6], |12| ) For fixed m > 1, > 1, n\, . . . , r^, ana" n large, 

r (B 2 (m) , K k+1 (m, . . . , n k , n)) = 2 (m + . . . + n k + n) - I. 

Fact 1.13 ([2J, [12J) For fixed p > 2, t > 1, and any tree T n of large order n, 

r(K p+1 (l,l,t,...,t),T n )=p(n-l) + l. 

Fact 1.14 ([29], [14], [27], [28]) Taere exists c > independent of n such that if n is 
large and m < cn, then 

r(B 2 (m),B 2 (n)) = 2n + 3. 
The following result answers in the affirmative a special case of Question 11.71 
Fact 1.15 ([23]) For fixed p > 3 and graph H , the graph K\ + nH is p-good for n large. 
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2 Main results 



We first outline the approach to Ramsey numbers adopted in this paper. 

For every p and n, we describe two families of graphs TZ (n) and B (n) such that, if n 
is large, then for every 2-coloring E (-Kp( n -i)+i) = E (72) U E (B) , either H C R for some 
H G K (n) or G C B for all G G B (n) . 

To describe 72. (n) , we define joints: call the union of t distinct p-cliques sharing an 
edge a p-joint of size t; denote the maximum size of a p-joint in a graph G by js p (G) . 
The family 1Z (n) consists of all (p + l)-joints of size at least cri p ~ l for some appropriate 
c> 0. 

To describe B (n) , we first define splittable graphs: given real numbers 7, 77 > 0, 
we say that a graph G = G (n) is (7, 77)- splittable if there exists a set S C V (G) with 
1 5 1 < n 1 ^ 1 such that the order of any component of G — S is at most rjn. The family B (n) 
consists of all g-degenerate (7, ^-splittable graphs, where q and 7 are fixed and 77 > is 
appropriately chosen. 

2.1 The main theorem 

Here is our main theorem. 

Theorem 2.1 For all p > 3, q > 1, < 7 < 1, t/iere exist c > 0, 7/ > snc/i £/ia£ 
Ti 1 (7X p ( n _ 1 ) +1 ) = E (R) U 75 (73) is a 2-coloring, then for n large, one of the following 
conditions holds: 

(i) R contains a (p + Vj-joint of size cnv -1 ; 

(ii) B contains every q-degenerate (7,77)- splittable graph G of order n. 

Note that Theorem 12.11 gives exact Ramsey numbers for graphs of varying structure, 
implying, in particular, positive answers to the questions raised in Section 11.11 

2.2 Variations of the lZ{n) family 

The condition js p+ i (7?) > C77, p_1 implies the existence of various (p + l)-partite graphs 
in R. On the one hand, 7? contains dense supergraphs of K p+ i as shown in the following 
theorem, proved in 13.21 

Theorem 2.2 For all p > 3, q > 1, < 7 < 1, there exist c > 0, rj > such that 
if E (7X p ( n _ 1 ) +1 ) = E (7?) U E (B) is a 2-coloring, then for n large, one of the following 
conditions holds: 

(i) R contains K p+ i (1, 1, t, . . . , t) for t = [clogn] ; 

(ii) B contains every q-degenerate, (7,77) -splittable graph G of order n. 

Observe that this theorem considerably changes the usual setup for goodness results: 
now in the graph 72 we find dense supergraphs of K p whose order grows with n. On the 
other hand, if we give up density, we find in 72 sparse p-partite graphs whose order is 
linear in n. More precisely, we have the following theorem, proved in 13.31 
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Theorem 2.3 For all p > 2, q > 1, d > 2, < 7 < 1, there exist a > 0, c > 0, 77 > 
such that if E (K p ^ n ^ + i) = E (R) U E (B) is a 2-coloring, then, for n large, one of the 
following conditions holds: 

(i) R contains K s + H for every (p + 1 — s)-partite graph H with \H\ = [an\ and 
A (H) < d; 

(ii) B contains every q-degenerate, ( , y,ri)-splittable graph G of order n. 
2.3 Variations of the B{n) family 

Call a family of graphs T 7- crumbling, if for any 77 > 0, there exists n (77) such that all 
graphs G G T with \G\ > n Q (r]) are (7, ?y)-splittable. We will say that a family JF is 
degenerate and crumbling if T is g-degenerate and 7-crumbling for some specific q and 7. 

Restricting Theorem 12.11 to degenerate crumbling families, we obtain the following 
theorem. 

Theorem 2.4 For all p > 2, q > 1, < 7 < 1 there exists c > snc/i that if J 7 is a 
q-degenerate ^-crumbling family and E (K v ( n -i)-\.i) = E (R) U E (B) is a 2-coloring, then 
for n large one of the following conditions holds: 

(i) R contains a (p + 1) -joint of size cn v ~ x \ 

(ii) B contains every G G T of order n. 

Since K p is a subgraph of any p-joint, it follows that all sufficiently large members of a 
degenerate crumbling family are p-good. This simple observation is a clue to the answers 
of all questions of Section 11.11 

Subdivide each edge of K n by a single vertex, write K n for the resulting graph, and 
note that K n is 2-degenerate. If we remove the vertices of the original K n , the remaining 
graph consists of Q) isolated vertices. Since n < (r^n + l)) 1 ' 2 it follows that K n is 
(1/2, r/)-splittable for 77 = l/^ 1 )- Thus, the family of all K n 's is 2-degenerate and 
crumbling; hence, K n is p-good for n large, answering Question 11.61 

The propositions stated below are proved in Section H] unless their proof is omitted. 

The answer to Question 11.51 is affirmative in view of the following three propositions. 

Proposition 2.5 The family of all graphs homeomorphic to a fixed connected graph G is 
degenerate and crumbling. 

Proposition 2.6 If T is a crumbling family of bounded maximum degree, then, for fixed 
k > 1, the family T k = {G fc : G G J-\ is degenerate and crumbling. 

The following proposition is obvious, so we omit its proof. 

Proposition 2.7 Let I > I be a fixed integer. If T is a degenerate crumbling family, then 
the family of connected graphs T* = {Ki + G : G G J 7 } is degenerate and crumbling. □ 

Note also that, in view of Proposition 12. 7\ Theorem 12.41 generalizes Fact 11.151 
Trees provide various examples of degenerate crumbling families. 
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Proposition 2.8 Every infinite family of trees is degenerate and crumbling. 

In particular, Proposition 12.81 and Theorem 12.41 extend Fact II. 131 Likewise, Theorem 
12.41 and the following simple observation, whose proof we omit, extend Fact 11.91 

Proposition 2.9 Every infinite family of q-books is degenerate and crumbling. □ 

Some operations on graphs fit well with degenerate and crumbling families, as shown 
in Proposition 12.61 and the following two propositions. 

Proposition 2.10 Let T\ and T 2 be degenerate crumbling families. Then the family 

fixf 2 = {G x xG 2 :G 1 e T u G 2 e T 2 } 
is degenerate and crumbling. 

Proposition 2.11 Let T be a degenerate crumbling family, and {k n = (hi, . . . , k n )}^ =1 
be a sequence of integer vectors with < fcj < K, for i G [n] . Then the family J 7 * = 
|G kn : G G J 7 , \G\ = n} is degenerate and crumbling. 

Note that Proposition I2.11[ together with Theorem 12.41 answers Question 11.71 in the 
affirmative. 

As an additional application consider the following example: write Grid k n for the prod- 
uct of k copies of the path P n , i.e., V {Grid 1 ^) = [n] k and two vertices (ui, . . . , Uk) , (v i, . . . , Vk) G 
[n] k are joined if Y^=i \ u i ~ v i\ = x - Propositions 12.81 12.101 and Theorem 12.41 imply that 
Grid k n is p-good for k fixed and n large; it seems that this natural problem hasn't been 
raised earlier. 

A particular instance of Theorem 12.41 is the following extension of Facts 11.101 ll.ll| 
P21 anddH 

Theorem 2.12 For all p > 2, q > 1, 7 > there exist c > such that for every 
q-degenerate ^-crumbling family T of connected graphs, then 

r{B p {\cn}),G) =p(n-l) + l 

for every G G T of sufficiently large order n. 

Indeed, it suffice to note that if js p+ \ (R) > cn v ~ x , then B p (\cn\) C R. 

Restricting Theorem l2.3l to crumbling degenerate families, we can substantially gener- 
alize Theorem 12. 121 and replace the graph B p ( [cn] ) with other graphs, e.g., K p ^\ + C\ cn ^ , 
where \cn\ is even. 
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2.4 Remarks on the proof methods 



The proof of Theorem 12.11 is based on several major results. The key element is a com- 
pound of the Szemeredi regularity lemma and a structural theorem in [21], stating that, 
for sufficiently small c > 0, the vertices of any graph G with k v (G) < cn p can be parti- 
tioned into bounded number of very sparse sets. Other ingredients are a stability result 
about large p-joints, proved in [1], and a probabilistic lemma used in different forms by 
other researchers. Finally we construct several rather involved embedding algorithms for 
degenerate splittable graphs. 

3 Proofs 

We start with some additional notation. Set [n] = {1, . . . , n} , [n..m] = {n, n + 1, . . . , m} . 
Write for the collection of fc-sets of a set X. 

Given a graph G and disjoint nonempty sets X,Y C V (G) , we denote the number of 
X-Y edges by e G (X, Y) and set a G (X, Y) = e G (X, Y) / (|X| \Y |) . Likewise, e G (X) is 
the number of edges induced by X and a G (X) = 2e G (X) / \X\ 2 . 

Furthermore, G [X] stands for the graph induced by X, T G (X) is the set of vertices 
joined to all u G X, and d G (X) = \Y G (X) \ . In any of the functions e G (X, Y) , a G (X, Y) , 
a G (X) , e G (X) , T G (X) , and d G (X) we drop the subscript if the graph G is understood. 

As usual, 5 (G) and A (G) denote the minimum and maximum degrees of G, and uo (G) 
denotes its clique number. We write ip (G) for the order of the largest component of G. 

Given e > 0, a pair (A, B) of nonempty disjoint sets A,BcV (G) is called e-regular 
if \a(A,B) - a(X,Y)\ < s whenever X C A, Y C B, \X\ > e\A\, \Y\ >e\B\. Given 
e > 0, a partition V (G) = Uf =0 Vi is called £-regular, if |Vo| < £n, |Vi| = • • • = | Vk \ , and 
for every i G [k] , all least (1 — e) k pairs (Vi, Vj) are e-regular for j G [A;] \ {i} . 

Let y,x\, . . . , Xk be real variables. The notation y (x\, . . . , %k) is equivalent to u y > 
and y is sufficiently small, given x\, . . . , Xk" or, in other words, "there exists a function 
y (xi, . . . , Xk) > and < y < y (xi, . . . , Likewise, y 3> (xi, . . . , Xk) is equivalent 

to u y is sufficiently large, given xi, . . . , or, in other words, "there exists a function 
yo (x±, . . . , Xk) > and y > y (x\, . . . , Xk)" ■ Since explicit bounds on y (x±, . . . , Xk) are 
often cumbersome and of little use, we believe that the above notation simplifies the 
presentation and emphasizes the dependence between the relevant variables. 

The following structural result proved in [23] is a key ingredient of our proof of Theorem 

o 

Fact 3.1 For all < e < 1, p > 2, there exist c; = q (£,p) > and L = L (£,p) such that 
for every graph G of sufficiently large order n with k p (G) < qn p , there exists a partition 
V (G) = Ui =0 Vi with the following properties: 

- | Vb| <en, |Vi| = •••= \V L \; 

- A (G [Vi\) < £ \Vi\ for every i G [k] . 

For a general introduction to the Regularity Lemma of Szemeredi [33] the reader is 
referred to [3] and [12] . We shall use the following specific form implied by Fact 13. 11 
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Fact 3.2 For all < e < 1, p > 2, and fco > 2, iaere exzst p = p (e,p, &o) > X = 
if (e,p, fco) snc/i that for every graph G of sufficiently large order n with k p+1 (G) < pn p+1 , 
there exists an e -regular partition V (G) = U*L Vi with k < k < K, and A {G [V*]) < e \Vi\ 
for every i e [k] . 

Also we shall use the following simplified versions of the Counting Lemma. 

Fact 3.3 Let < e < d < 1 and (A, B) be an e-regular pair with a (A, B) > d. Then 
there are at least (1 — e) \A\ vertices v G A with \Y (v)C\B\ > d — e. 



Fact 3.4 For all < d < 1 and p > 2, there exist and to such that the following 
assertion holds: 

Let e > £q, t > to, G be a graph of order pt, and V(G) = Vf i=1 Vi be a partition such 
that \V\\ = ■ ■ ■ = \V P \ = t. If for every 1 < % < j < p the pair (V{, Vj) is e-regular and 
o-(V h Vj) > d, then k p (G) > d p2 t p . 

The following lemma can be traced back to Kostochka and Rodl [20]; it was used 
later by other researchers in various forms, see, e.g., [32] and its references. We prove the 
lemma in 13.41 

Lemma 3.5 For all k > 2, d > 0, A > there exists a = a (k, d, A) > such that for 
every graph G and nonempty disjoint sets Ui,U 2 C V (G) with e(G) > d\U\\ \U 2 \ , and 
sufficiently large \U\\ there exists W C U\ with | W| > |6 r i| 1 ^ A and d [X) > a\U 2 \ for every 
X C W^ k \ 

3.1 Proof of Theorem [2ZD 

Set N = p(n — 1) + 1 and let E (K N ) = E (R) U E (B) be a 2-coloring. In the following 
list we show how the variables used in our proof depend on each other 

a < (p, q) , 
6 < (p, q, a) , 

^ < (p,9,a,7) , 
(3 < (p,g,a,7,0 , 
e < (p, g, a, ^,7,0 , 
A; > (p,g,a,/3,7,^,e), 
n < (p,g,fco,a,/3,7,£,e), 
c< (p,g,A;o,a,/3,7,^,e), 
n > (p, a, A; , a, /?, 7, £, e) . 
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Let K (e, p, k ) , p (e, p, k ) , <j (e, p) , L (e, p) , a (k, d, A) be as defined in Fact I3.1[ Fact 
I3.2[ and Lemma [3.51 Assume that 

js p+ i (R) < en?" 1 (1) 

and select a g-degenerate (7, r/)-splittable graph H of order n. To prove the theorem, we 
shall show that H C B. 

Assumption (pQ) implies that 

K+i (R) < ( P 2 X ) W < cNP+1 <P( £ >P +1 > fc o) 

Thus, by Fact 13.21 there exists an e-regular partition V (R) = U*L Vi such that k < k < 
K(e,p+ 1, ko) and A (R [V,]) < e \Vj\ for all i G [k] . Set t = \Vi\ = • • • = \V k \ and note 
that for all % G [k] , 

5 (5 [^]) = * - 1 - A (R [Vi\) > t - st - 1 > (1 - /3) t. (2) 

Next define the graphs R* and B* by 

V(fl*) = [fc], V(iT) = [*], 

E (B*) = {{u, v} : 1 < u < v < k and a B (K, V v ) > 1 - /?} , 

(i?*) = {{«, -u} : 1 < « < u < fc, (K, K>) is ^-regular and a R (V u , V v ) > (3} . 

Note first that E (B*) fl E (R*) = 0. Moreover, for every vertex u G [k] , we have 

ds* (u) + da* (u) > k — 1 — ek. (3) 

Indeed, if {u, v} ^ E (B*) U (R*) then the pair V v ) is not ^-regular; hence {u, v} ^ 
£ (5*) U E (R*) holds for fewer than ek vertices v e [k]\ {u}. 
We first show that H C B if A (B*) satisfies 

A (B*) > (1 + 20-. (4) 
P 

Indeed, set r = A (B*) and select Vq G [k] with tig* (t> ) = r. Let T^* (uq) = {vx, . . . ,v r } 
and set Uj = V v . for j = 0, . . . , r. 

To simplify the presentation of our proof we formulate various claims proved later in 
EX2] 

Claim 3.6 H C B [U r i=0 Ui\ . 

Hereafter we shall assume that (BJ fails, i.e., 

A(IT)<(l + 2£)-. (5) 
P 
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In view of ([3]), this inequality implies a lower bound on 5 (R*) , viz. 

5 (iT) > k - 1 - ek - (1 + 2f ) - > ( ^— ^ - 2^ fc. (6) 



P VP 

In turn, the bound ([6]), together with the assumption (CQ), implies a definite structure in 
R*. 

Claim 3.7 R* is p-partite. 

Write Zi,...,Z p for the color classes of R*. For every i £ [&] , let /i (z) £ [p] be the 
unique value satisfying i £ Observe that the sets Z x , . . . , Z p determine a partition 

of [N] \Vq into p sets that are dense in B. Indeed, e B (V u ) > (1 — (3) t 2 /2 for all it £ [k], 
and also e# (V u , V v ) > (1 — (3) t 2 whenever // (it) = \i (v) and u ^ v. 

Next we show that the color classes of R* cannot be two small. Indeed, in view of ([5]), 
for every i £ [p] , we have 

\Zi\ = k- £ |^-|>A;-(p-l)(A(B*) + l) (7) 
ieb-i]\{«} 

= fc - (1 + 20 - p + 1 > (1 - 2p£) -. 

p p 

In Claims I3.8H3.13I we show that H <Z B provided the inequality 



i<h<s<p \iez h , jez s / 



holds. Inequality (jBJ) implies that e# (14, T4) is substantial for substantially many pairs 
u, v with fi(u) fi (v) ; we shall use this fact to embed a substantial part of H. Let us 
first derive a more specific condition from (jSJ). 

Claim 3.8 There exist i± £ [A;] and j £ [p] \p (i x ) siic/j i/jai 

E es^,^) >a|Z,|t 2 . 

We may and shall assume that i\ £ Z\ and j = 2. Setting X = U {V, : s £ Z 2 } , we 
see that Claim IBTBl amounts to 

e B (V h ,X) >a\Z 2 \t 2 . (9) 
Observe also that, in view of ([Z]), we have 

A-/ 

|X| = |Z 2 |t>(l-2pO-. (10) 

p 
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In addition, 

2e B (X) = 2J2 e B (K) + E ( E e * ^ V i) 

s£Z 2 i&Z 2 \jeZ 2 \{i} 

> \Z 2 \ (1 - p) t 2 + \Z 2 \ (\Z 2 \ - 1) (1 - p) t 2 = \Z 2 \ 2 (1 - p) t 2 , 

and so 

a B {X)>{l-P). (11) 

Inequality fl5J) implies that substantially many vertices in are joined to substantially 
many vertices in X. In the following claim we strengthen this condition. 

Claim 3.9 There exists Wq C with \Wq\ > (a/2) t such that for all u G Wq, 

\T b (u)f]X\ > (a/2)|X|. 

Next set Y = U {V s : s G Z u s ^ h} ; by © we have 

\Y\ = (|Zi| - 1) t > \Z X \ M - y}—) t > \Z X \ ( 1 - ^ ; ^ - ^ £ > (1 - p) \Z x \t. (12) 

In addition, 



Zi\J ~ ' ' V (l + 20^c 



2e B (F) = 2 £ e B (K)+ E E e #^il 

seZi\{u} »e^i\{u} ye^i\{i,u} 

> (jZil - 1) (1 - 0) t 2 + (|Z X | - 1) {\Z X \ - 2) (1 - 0) t 2 = (|^| - l) 2 (1 - P) t 2 , 

and so 

a B (Y)>(l-p). (13) 

Inequality f|T2l implies that substantially many vertices in W are joined to substan- 
tially many vertices in Y. Next we strengthen this condition. 

Claim 3.10 There exists W\ C W with \Wi\ > (a/i)t such that for all u G W%, 

\T B (u)nY\> (i-v^)|K|. 

Furthermore, the lower bound on 5 (R*) given by inequality ([6]) implies that %\ belongs 
to a p-clique in R* . 

Claim 3.11 There exist i 2 G Z 2 , . . . , i p G Z p such that {ii,i 2 , . . . , i p } induces a clique in 
R*. 

Claim I3TTT1 together with js p+ \ (R) < cn p ~ l , implies that the graph B \W\] contains 
a large clique. 
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Claim 3.12 There exists W C W 1 with \W\ > t l ^ /2 such that B [W] is a complete 
graph. 

In summary, Claims I3.8tl3.12l together with ({TO]) and (TT2T) imply that the sets W, X, 
and Y have the following properties: 

-\W\> t 1 -*' 2 and 5 [W] is a complete graph, 

-|X|>(l-2^)A;/p, 

- \Y\ > (l-2p£)k/p, 

- \T B (u) nX\> (a/4) |X| and |r B (u) n F| > (l - y/0) 1*1 , for every u E W. 

It turns out that these properties are sufficient to achieve our goal - to embed H. 

Claim 3.13 H C B [W U X U Y] . 

Hereafter we shall assume that (jHJ) fails, i.e., 

E f E e B (^,^))<|^. (14) 

This inequality implies that e# (\4, K) is small for most pairs u, v with \i (u) ^ fi (v) . 
We shall deduce that R can be made p-partite by removing only a small proportion of its 
vertices. 

Claim 3.14 R contains an induced p-partite subgraph Ri with color classes Ui, . . . ,U p 
such that \Ui\ = ■ ■ ■ = \U P \ > (1 — 9)n and 

\r Rl ( u )n Ui\ > (l-e) 7i 

for each i G [p] and u G V (Ri) \U{. 

Since Ri is an induced p-partite subgraph of R, the graph B contains cliques of size 
close to n; hence H can be embedded in B almost entirely; to embed H in full, we need 
an additional argument. Analyzing the way vertices from V (R) \V (R\) can be joined to 
the vertices of R\, we derive the following assertion. 

Claim 3.15 There exist disjoint sets M C V (Ri) and A, C C V (R) \V (Ri) such that 



|M| + L4| + |C| = n-l + 



(15) 



p 

\A\ < On, (16) 
|C| < 26n (17) 

with the following properties: 

(i) B [M] is a complete graph; 

(ii) Tb (u) PI M = M for every vertex u G A\ 

(Hi) \Tb (u) fl M\ > (1 — p 2 8) \M\ for every vertex u G C. 

Using the properties of the sets M, A, and C we embed H, completing the proof of 
the theorem. 

Claim 3.16 H C B [M U A U C] . 
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3.1.1 Results supporting proofs of the claims 

Fact 3.17 Every subgraph of a q-degenerate graph is q-degenerate. 

Fact 3.18 The vertices of any q-degenerate graph of order n can be labeled {v±, . . . ,v n } 
so that |T (vi) fl {v i, . . . , v i-i}\ < q for every i e [n] . 

Fact 3.19 Every q-degenerate graph is (q + 1) -partite. 

Proposition 3.20 In any q-degenerate graph H the number of vertices of degree 2q + 1 
or higher is at most 2q \H\ / (2q + 1) . 

Proof Letting S = {u : u E V (H) , d (u) > 2q + 1} , we have 

2q\H\ > 2e(H) > ^ d (u) >^d (u) > (2q + 1) \S\ , 

uev(H) ues 

and the assertion follows. □ 



Lemma 3.21 Let q > 0, r > 0, and G = G (n) be a graph with 5 (G) > (1 — r) n. Then 
G contains all q-degenerate graphs of order I < (1 — qr) n. 

Proof We use induction on I. The assertion holds trivially for 1 = 1; assume that it holds 
for 1 < I' < I. Let if be a g-degenerate graph of order / and u e V (H) be a vertex with 
du (u) — d < q. Let T H (u) = {vi, . . . , v^} and H' = H — u. By the induction assumption 
there exists a monomorphism tp : H' — > G. We have 

d 

Dti r G (V (Vi))\ >J2 d G^ -(d-l)n>d(l-r)n-(d-l)n 

i=i 

> (1 -qr)n > I'. 

Hence there exists v G (f)f =1 (v 9 ( v i))*j Vv 9 (Y (H')) ■ To complete the induction step 
and the proof, define a monomorphism <// : /J — > G by 

[ V, II M) = M. 

□ 



Lemma 3.22 Suppose G is a ( / ~f,i])-splittable q-degenerate graph of order n. Then there 
exists M CV(G) such that \M\ < (2q + 1) n 1 " 7 , and i/j (G - M) < rjn and \T (u) n M\ < 
2q for every ueV (G) \M. 



14 



Proof Since G is (7, r/)-splittable, there is a set N C V (G) such that \N\ < n 1 7 and 
ip {G — N) < rjn. Set M = N and apply the following procedure to G : 
While there exists u E V (G) \M with \T (u) n M\ > 2q + 1 do 
M := MU {u} 

end. 

Set M' = {u : u G M, |T («) n M| > 2g + 1} . Since G [M] is g-degenerate, Proposi- 
tion implies that |M'| < 2q \M\ / (2q + 1) . By our selection, \T (u) H M\ > 2q + 1 for 
all of u e M\N; hence, \M\N\ < 2q \M\ / (2q + 1) , implying that \M\ < (2q + 1) \N\ < 
(2q + l)n 1 ~^. □ 

Proposition 3.23 Let < r < 1 and G be a graph of order n with e (G) > (1 — r) n 2 /2. 
Then G contains an induced subgraph G with |G | > (1 — y/r) n and 5 (Go) > (1 _ 2a/t) n 

Proof Let 

W = {u : d G (u) >(l-y/r)n). 

We have 

(l-r)n 2 <2e(G) = J2 d c(u)+ d G (u) < n\W\ + (l - y/T) n (n - \W\) 

u&W u£V(G)\W 

= y/^n\W\ + (1 - V^)n 2 , 
and so (1 — y/r) n < \W\ . Furthermore, for every u € W, 

|r G (u) nW\> \T G (u)\ - \V (G) \W\ > (1 - 2v^) n. 
Thus, setting G = G [W] , the proof is completed. □ 

Fact 3.24 (|4J) Let p > 3, n > p 8 , and < a < p~ 8 /16. If a graph G = G (n) satisfies 
then either 

( 1 \ n p ~ 2 
'VO > (l " ? ) Jfff. (18) 

or G contains an induced p-partite subgraph Go of order at least (1 — 2y/a) n with mini- 
mum degree 



5 (G ) > ^1 - ~ - Ay/aj n. 



(19) 



Fact 3.25 ([4J) Let 2 < r < u (G) and a > 0. If G = G (n) and 

6(G)>(^ + a y 

then 

r 2 /n\ r + 1 



v / n 

K +x {G)>a^—{- 
r + 1 Vr 
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3.1.2 Proofs of the claims 

Let K (e, p, k) and p (e, p,k) , q (e, p) , and L (e, p) , be as defined in Fact 13.11 and Fact 13. 2j 
set = K (e, p, ko) . 

Proof of Claim Set q = q (1/ (2g) , p) and L = L (1/ (2g) , p) . 
Note first that the sets Uq, . . . ,U r satisfy the following conditions: 
-\U \ = ... = \U r \=t; 

- S (B [Ui]) > (1 - e) t > (1 - P) t for i = 0, . . . , r; 

- ctb (C/ , ?7i) > 1 - /3 for z = 1, . . . , r. 
For every u G Uq set 



= [r] , |r (it) n C7i| > (l - 2^) 



and let 

W = {« : w e U Q , \D (u)\ > (l - V^) . 
We shall prove that \W\ > t/2. Indeed, we see that 

(l-(3)rt 2 <Y,e(U ,U l )=J2 I E l F ( u ) n ^ 

ie[r] «ef7o \iG[r] 

= E (Ei r ( M ) n ^i) + E (Eiroono; 

uSW \ie[r] / «e(7o\W \ie[r] 



<\W\rt+ (D(u)t + (r-D(u))(l-2y/p\t 

ueu \w 

< \W\ rt + t{t- \W\) (r (l - 2y/f}\ + 2^//3D («)) 

< \W\ rt + tr(t- \W\) ((l - 2yfp\ + 2^//? (l - v 7 /? 



\W\ rt + rt (t-\W\){l-2P) 



Hence 



(l-/3)t<\W\ + (t-\W\)(l-2/3) = t(l-2(3) + 2(3 \W\ , 
and so \W\ > t/2. 

Since D (u) C [r] , the pigeonhole principle gives D C [r] and X dW such that 

|X| > |W|/2 r > t/2 K+1 
and -D (w) = D for every tiGl. Since 

js p+1 (R[X))<m^<c(^J X < c ^_J^y ^c^r 1 
<c(K2 K+1 |X|) p " 1 < ? |Xr 1 , 
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Theorem 13. II implies that X contains a set Y with \Y\ > \X\ /2L and 

8(B[Y))>(l-l/2q)\Y\. (20) 

On the other hand, Lemma 13.221 implies that there exists M C V (H) with \M\ < 
(2q + 1) \H\ 1 ^ such that ip (H — M) < j\H\ and \T H (u)nM\ < 2q for every u G 
V (H — M) . Since the graph H [M] is g-degenerate, we have 

|M| < (2q + 1) \H\ l -i < (2q + 1) (rt) 1 ^ < ^ < ^ < ^ 

for t large. Hence, in view of (1201) . Lemma T3. 21 1 implies that there exists a monomorphism 
: if [M] — > Y. We shall extend ip to if by mapping each component of H — M in turn. 
Select a component C of H — M. The choice of the set M implies that 

\C\<^(H-M)< V \H\<^M<^ = ^t. 

K r 

We shall extend ip over C by mapping C in any set Ui, i G I? in which there are at least 
(6g + 1) v 7 /^ vertices outside of the current range of ip. Set I = \C\; Proposition 13.181 im- 
plies that the vertices of C can be arranged as V\, . . . , v\ so that \Th (fj) H {f i, . . . , t>i-i}| < 
q for every z G [I). We shall extend <y? over C mapping each v i G V (C) in turn. Suppose we 
have mapped Vi, . . . , The vertex V{ is joined to at most q vertices from . . . , f j_i} 
and at most 2q vertices from M, i.e., 

where t> ih G {f i, . . . , t>i_i} , h < q, and u ju ...,\ eM,s< 2g. Set for convenience 

Xj = (t>j 3 ) for all j G [/i] , and yj = ip (wj.) for all j G [s] . Note that 

(n? =1 r B fo) n £/*) n (n^r* (%•) n 

> ^ |r B (arj) n C/i| + \ t b (%•) n E7<| - (/i + s - 1) t 
j'e[/i] je[s] 

> (A + s) (l - 2-^) £ - (h + s - 1) t 

> (l - 6gv^) t > (l - (6g + 1) v 7 /?) * + |C| . 

Hence there is a vertex z E U that is joined to the vertices x%, . . . ,Xh,yi, ■ ■ ■ ,y s and is 
outside the current range of <p. Setting <p (v^ = z, we extend ip to a monomorphism that 
maps t> j into -B as well. In this way <p can be extended over the whole component C. 

Assume for a contradiction that <p cannot be extended over some component C. There- 
fore, for every i G D, the current range of ip contains at least (l — (6q + 1) \/p \ t vertices 
from Ui. Hence 

\H\ > \D\ (l - (Qq + 1) v 7 /?) t>(l- v 7 /?) (l - (6g + 1) v 7 /?) rt 

> (l - (6q + 2) v^) rt > (1 - rt > ^ + ^ 

> (1-0(1 + 20 (l-e)n>n, 
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a contradiction, completing the proof. 



Proof of claim [3771 Let v = f3 p \ 

We shall prove first that u (R*) < p. Otherwise by Lemma [3.41 we have 



p+i 

k p+ i (R) > vt p+1 > v (1 - e) " ' ' ' 



K 



and so 



(P+i\ -i /N\ p+1 



— K p+1 



contradicting <^j. 

Since uj (R*) < p, and 

i OT >(l-i-2{)*>(l- F J p )*, 
by a well-known theorem of Andrasfai, Erdos, and Sos P, R* is p-partite. 

Proof of Claim 13.81 In view of ([ED, we have 

E( E «-(v!,v,)) = e( E ( E m^-i 

fce[p] \ieZ fc , je[fc]\z h / he[p] VebMM \i£Z h ,jez s 



2 E ( E m^o) > 

i</i<s<p \iez h , jez s J 



Hence, we can select h G [p] so that 

E ^ ^) : j G w w ^ aiv2 

Since by ([5]) we have 



P 



\Z h \ < A (B*) + 1 < (1 + 20 - + 1 < (1 + 30 -, 

p p 

there is an i\ e Z/i such that 
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and so, 

(1 + 30 



E (E^)]^* 



Furthermore, in view of ([7]) we have 



and thus 

N 

> 



£ \z J \ = k-\z h \<k-(i-2 P o- = p - 1 + 2p h , 



(1 + 30 



je[ P ]\{M 

Therefore, 

E ( E >«t 2 £ 

ie[p]\{fc} \a»W=j / 3£\p)\{h} 

and the pigeonhole principle gives some j G [p] \{h} for which 



5^ e B 04,V s ) >a\Z 3 \t 
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completing the proof. 



Proof of Claim S33 Set 

W = [u:ueVl l , \r B (u)nx\>~\x\}. 

In view of of 0, 

a\x\t< \r B {v)nx\ = \r B (u)nx\+ ^ \r B (u)nx\ 

< \W \\X\ + (t-\W Q \)^\X\, 

implying that 

5* < (i - j ) IW'ol , 

so |W | > (a/2)t. 



Proof of Claim \3A0\ Let 

iy = { M :ney n , |r B (n)nr|> (i-v^)|r|} 
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We shall show that \W\ > (l - y/fi) t. Indeed, 

(l-P)\Y\t< e(V ll ,V s )=e(V ll ,Y)=J2\ T B(u)nY\ 

sGZl\{ii} uev h 

= J2\TB(u)nY\+ \ T B(u)nY\ 

u&w uev^w 
<\W\\Y\ + (t-\W\)(l-y/p)\Y\. 

Hence 

(l-/3)t<\W\ + (t-\W\)(l-y/p), 

SO \W\ > (l-y/ftt. 

NowWi = W n W satisfies 

\ Wl \ > \ Wq \ + \ W \- t >{^-^p)t> 
completing the proof. □ 

Proof of claim ET. Ill Let . . . , i s } induces a maximal clique in R* containing ix, assume 
for a contradiction that s < p. Then by (151), 



d R * ({n, . . . ,i. 



J) > (ij) -(s — l)k>s {^—^- - 2 ^j k - ( s — 1) A; > 0. 



Thus, there is a vertex i G [k] joined in R* to all vertices i±, . . . , i s , contradicting the fact 
that {ii, . . . , i s } induces a maximal clique and completing the proof. □ 

Proof of Claim 13.121 For s = 2,...,p, applying Lemma 13.31 select P s C with 
I -Pa I > (1 - e) t and \T R (u) n V ia \ > (J3 - e) t for every u G P s . Hence 

\Cfs=2 P s\ > (p-l)(l-e)t-(p-2)t>(l-pe)t 

Therefore, for H2 = Wi H (fls=2-^) we have 

|W a | = |Wi n (flL 2 ^)l > \Wi I + mL 2 ^i -* > (a/4)t+ (1 -pe)t-t > (a/8)t. 

Set Qi = W2 and let a = a(2, /3/2, 7/ (2p)) (see Lemma |3~5|) . 

For s = 2,...,p, applying Lemma I3~5l with k = 2, d = (3/2, X = 7/ (2p) , find 
Q s C Q s _i with |Q S | > |Q s _i| W(2p) and \T R (uv) nV is \> at for every {u,v} G Qi 2) . Set 
W = Q p and note that 

> /£ t y-*-w(w > ^ 
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for t sufficiently large. 

Assume for a contradiction that R [W] contains an edge uv. Since \Y R (uv) fl V is \ > at, 
by Lemma 13.41 we have 



js p+1 (R)>((a-£)t) p ~ 1 > l(a-e) 



Nil-e)^ 11 - 1 



K 

(a - e) (1 - e)^ p ^ 



> [ K x J ) N"- 1 > af-\ 
a contradiction with ([1]). So W is a clique in B, completing the proof. □ 

Proof of Claim [37T31 Since dHJ) and (DED imply that e B (X) > (1-/3) \X\ 2 /2 and 
e B (Y) > (1 - 0) \Y\ 2 /2, by Proposition EES there exist I Cl and F C Y such that 

-t > i - 3pe -1 



|X | > (l - V^) |*| > (l - VP) (1 - 2^0 "* > (1 - 3^0 -*> 
5(B[X ])> (l-2v^)|X |, 



\Y \ >(l-y/p) \Y\ > (l - v^) (1 - 2p0 ~* > (1 - 3p£) -t 
<J(S[Ko])> (l-2v^)|F |. 



Also, for every it e W, 

|r fl H n x | > |r fl («) n x| - |x\x | > j \x\ - V/? 1*1 > f |*oi , 
|r fl (u) n f q | > |r B (u) n y | - |y\y | > (1 - y^) \y\ - \fp \y\ > (1 - 2^3) |y | . 

Next, Lemma 13.51 implies that there exists a > and U G W such that for every 
Q C f/ (2g) , |r B (Q) nl |>a \X \ and |£/| > \W\ l ~ l/2 . 

Also Lemma implies that there exists M C V (H) with |M| < (2g+l) \H\ 1 ^ 
such that ^ (ii — M) <r)\H\ and c/m (w) < 2g for every u £ V (H — M) . Since the graph 
if [M] is g-degenerate, for t large, we have 

|M| < (2g + 1) |^| 1_7 < (2g + 1) {kt) 1 ' 1 < t^ /2)2 < \U\ 

for t large. 

Let if : H [M] — > U be a one-to-one mapping; since S [£/] is complete, <p is a monomor- 
phism. We shall extend y> to H by mapping almost all components of H — M into Yq and 
the remaining components into Xq. We can partition H — M into two disjoint graphs H\ 
and if 2 such that 

|#i|< {l-6qy^-3p^j-t, (21) 
\H 2 \ < (a- 2q^//3 - 3p^ ^t. (22) 
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Indeed, collect into Hi as many components of H — M as possible so that (I2T!) still holds 
and collect the remaining components into H 2 . Since ip {H — M) < rjn, inequality 
follows from 

k 

rjn 

V 



\H 2 \ <n - \H X \ <n - (l - Qq^/f3 - 3p^j -t + 



N / i— \ k 

< (1 + 2rj) 1 - 6q^/p - 3 P n -t 

p V / p 

< (I+217) ( 1 + 2£)k t- (l-Gqy/p-apt) -t 

p \ / p 

< (3rj + 2e + Qq^ + 3p^j -t < (a - 2q^/f3 - 3p^j -t. 

Set I = |.ffi| ; Proposition 13.181 implies that the vertices of Hi can be arranged as 
vi, . . . , vi so that |IV (t>j) fl {vx, • • • , < q for every i G [I] . We shall extend <p over 

Hi by mapping each f, G V (Hi) in turn. Let T H (f j) = {v h , . . .,v ih }U {u h , ...,u is }, 
where v j i; . . . , Vi h G {vx, ■ ■ ■ , fi-i} , h < q, and w^, . . . , Ui s G M, s < 2q. Therefore, 

Vi e (piU T » K)) n (n;=irH K)) ■ 

Set for convenience a^- = <£> (%J for all j G [h] , and fj = ip (fi 3 ) for all j G [s] . Note that 

(n - =1 r B {x s ) n K ) n (nj =1 r B (%■) n n) 

> ^ |r B (x,) n y | + \ Tb ny o|-(Hs-i) |y | 

> (A + s) (1 - 2^) |y | - (/i + s - 1) |y | > (1 - e gv ^) I Vol 

> (l-6qyty (l-3p£)~> 

Hence, there is a vertex z e Y that is joined to the vertices xx, ■ ■ ■ , Xft, yx, . . . ,y s and is 
outside the current range of ip. Setting ip (f j) = z, we extend ip to a monomorphism that 
maps t>j into yj as well. In this way <p can be extended over the entire Hx- 

Set now I — \H 2 \ ; Proposition 13. 181 implies that the vertices of H 2 can be arranged as 
v 1, . . . , vi so that \Th (vi) fl {t>i, . . . , Vi-x}\ < q for every i G [/] . We shall extend <£> over 
i? 2 mapping each v » G V (-H2) in turn. Let (f j) = {f il5 . . . , f ih } U {u^, . . . , Uj s } where 
v h , . . . , v is G {fi, . . . , fj_i} ,h<q, and u il3 . . . , u is G M, s < 2q. Therefore, 



e (n?=i^ K)) n (n; =1 rn k)). 
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Set for convenience Xj = <p (i^.) for all j £ [/i] , and = ip (ik-) for all j £ [s] . Note that 

(nU T e to) n *>) n (0;=!^ (%•) n ^ 
> a |X | + E |r B (%■) n X | - s |X | 



> a \X \ + s(l- 2y^j \X \ - s \X Q \ 

> (a - 2gv^) |X | > (a - 2 gv //f) (1 - 3^) ^ > |# 2 | • 

Hence, there is a vertex 2 £ X that is joined to the vertices x\, . . . , Xh, yi,...,y s and is 
outside the current range of ip. Setting ip (v^ = z, we extend ip to a monomorphism that 
maps Vi into Xo as well. In this way ip can be extended over the entire H2. □ 

Proof of Claim HH In view of (fT4l) and (TTj), 

e(R)> E ( E e «(^^))> E \ z h\\z s \t 2 - e ( E ^(k,^: 

l<h<s<p \ieZ h , jeZ 3 / l<h<s<p l<h<s<p \i£Z h , j£Z s 

On the other hand we have 

/ 1 \ N?' 1 
js P+1 (R)<cn^<(l-- ) j—; 

hence, Fact 13 .241 implies that R has ap-partite induced subgraph i? with |i? | > (1 — 2y/a) N 
and 

5 (R ) > (l - i - 4^ X. (23) 

We shall find i?i as an induced subgraph of -Ro- Observe that by (|23|) every color class 
of R has at most N — 5 (Rq) > (l/p + 4y / a) N vertices. Hence, every color class of Go 
has at least 

(1 - 2y/a) N - (p - 1) Q + 4v^^ JV > (1 - 4p (p - 1) y/a) ^ > (1 - B) n 

vertices. From each color class select a set of [(1 — 9)n~\ vertices and write R\ for the 
graph induced by their union. 
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Let u G V (Ri) and U be a color class of Ri such that u U. Since 5 (Ri) > 5 (R ) — 
\Rq\ + \R\ \ , we see that 

\T Rl (u)nU\ > \U\+S(R 1 )- : ^\R 1 \ > \U\+5(R )-\R \ + \R 1 \-^^\R 1 \ 

p p 

= 5 (Ro) - \Rq\ + -\R 1 \> (l--- Ay/a\ N — N + (- — 8p^/a\ N 
P \ P J \p J 

> (1 - 8p {p + 1) y/a) — > (1 - 0) n, 
completing the proof. □ 

Proof of Claim [37151 Set s = [U^ = ■ ■ ■ = \U P \ . According to Claim EES 

(l-6)n< s <n, (24) 
\T R {u)nUi\ >(l-6)n 

for every Z7j and every u G V (i?i) \U{. 

Set X = V (R) \ V (Ri) and define a partition X = Y U Z as follows: 

7 = {!i:!iGl, r fl (it) n Ui 7^ for every i G [p]} , 

z = x\r. 

We first show that for every w G Y, there exists two distinct color classes Ui and Uj 
such that 

|r«(tt)n£7i| <p 2 fln, \T R {u)nU j \<p 2 9n. (25) 

For a contradiction, assume the opposite: let u G Y be such that \Y R (u) C\Ui\ > On for 
at least p — 1 values z G [p] , say for i = 2, . . . ,p. The definition of Y implies that there 
exists some v E U± C\T R (u) . Observe that for every i G [2..p] , 

\v R (u) n r fi («) n ^| > |r fl («) n Z7<| + \r R (v) nu { \- \u\ 

> p 2 6n + n — On — s > (p 2 — l) On. 
Therefore, for every i G [2..p] , we can select a set Wi C T R (u) fl T R (v) fl C/j with 

|V^| =771= [(p 2 - l) 07l] . 

We shall prove that the set W = U^ =2 Wi induces at least 

((/ - 1) ^-v- 1 



(p-1) 
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(p — l)-cliques in R and thus obtain a contradiction with ([I]). The assertion is immediate 
for p = 2; assume henceforth that p > 3. Let w G W be a vertex of minimum degree in 
i? [W] , say let w eWi-We have 

*(i2[W])= J2 l r «Hn^|> £ + 1^1-1^1 

je[2..p]\{i} j6[2..p]\{<} 

> (p — 2) ((1 - 6) n + m — n) = (p - 2) (m — 0n) 
>(P"2) (^^t) m - 
Hence, in view of | W\ = (p — 1) m, 



6(R[W])> P -^(l-^-)\W\=( P -^- + ^ )\W\. 

1 ' p-H p 2 - 1 y 1 1 Vp-2 (p-i) 2 (p + i)( p -2) " 



Applying Fact [3221 to i? [W] , we obtain 

4p-5 b-2) z / |W| 



js P+ i (R) > Vi UW) > 



(p-l) 2 (p+l)(p-2) (p-1) VP" 1 



> - JL ^ ( -H-V"' > -JL^ ((p 2 - 1) eY- 1 ^- 1 > cnT', 

a contradiction with ([1]). 

Hence, for every it G Y, there exists two distinct color classes £/i and Uj such that (1251) 
holds. For every % G [p] , set 

Z = {u :ueZ, Y R (it) nUi = 0} (26) 
Y t = {u:ueY, T R (it) n C/i < p 2 #} (27) 

We have 

£>,| > lU^il = M , and X>l>2|uLi^l=2|>1. 
i=i i=i 

Hence 

p 

(\Ui\ + |Z| + \m > N+ \Y\ =p{n - 1) + 1 + \Y\ , 

i=i 

and there exists i G [p] such that 



IC/^ + 1^1 + >7l-l + 



p 



Set M = Z7j, A = Zj, C = Yi and apply the following procedure to the sets A and C. 
While \M\ + \A\ + \C\ > n - 1 + f(|C| + 1) /p] do 

if C 7^ remove a vertex from C else remove a vertex from A; 
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end. 

This procedure is defined correctly in view of \M\ = s and inequalities 
end of the procedure we have 



|M| + |A| + |C| = n-l + 



\c\ + i 

P 



so condition (fl5l) holds. We also see that 



\A\ = n - 1 + 



P 



\M\ -\C\<n - \M\ < On, 



so condition ffl6|) holds as well. Finally, condition ffTT|) holds due to 



i|C7|<^|C| = |C7|-M±i-^ + l<|C7| 



< n - |Af| < 6>n. 



P 



P 



\c\ + i 
p 



Upon the 



To complete the proof of the claim, observe that property (i) holds since the set M is 
independent in R; properties (it) and (Hi) hold in view of fl26l) and fl27|) . □ 



Proof of Claim [37T61 Define a set M'cMby 

m' = : u e m, |r fl (u)n(7| > (i-2 P 2 e) \c\} ■, 

first we shall prove that \M'\ > \M\ /2. This is obvious if C = 0, so we shall assume that 
\C\ > 0. We have 

(i - P 2 9) \c\ \m\ < |r B («) n M| = e B (M, c) = J] |r B (it) n C| 

uec ueM 

= \r B (u)nC\+ \r B (u)nc\ 

ueM 1 ueM\M' 
< \C\ \M'\ + (1 - 2p 2 6) \C\ (|M| - \M'\) , 

implying that 

(1 - p 2 9) \M\ < \M'\ + (1 - 2p 2 #) (|M| - |M'|) = (1 - 2p 2 9) \M\ + 2p 2 6 \M'\ , 

and the desired inequality follows. 
Setting 

W = {u : u E V (H) , d(u)< 2q} , 

by Proposition [3T201 we have \W \ > n/ (2q + 1) . Since by Fact I37L91 H [W ] is (q + 1)- 
partite, there exists an independent set VFi C W with 

|VU 1 |>^> 7 " ->6n. 

~ ? + l ~ (g+1) (2g+l) 
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If \A\ + \M\ > n, we map H into M U A as follows: 

- select a set W C W\ with |W| = \A\ - this is possible since \A\ < On; 

- map arbitrarily W into A; 

- map arbitrarily V (H) \W into M. 

This mapping is a monomorphism since the set W is independent in H, the set M 
induces a complete graph in P, and the sets A and M induce a complete bipartite graph 
in P. 

We assume henceforth that \M\ + |A| < n. Since 



|C| < 26n < 



select an independent set W <ZW\ with 



(g + l)(2g + l)' 



\W\ =n-\A\- \M\ = \C\ + 1 - 



P 



and set P = U ue w/IV (u) . Clearly 



\p\ < \ Th - 2q \ w \ - 2q \ c \ n - y~q l M l - l ~Y - l M 'l • 

We construct a monomorphism tp : H — > B in two steps: foj define <p on H [W U P] ; 
(7> ^ extend <^ over H — W — P. 

(a) defining a monomorphism ip : H [W U P] — > B 

Define ip as an arbitrary one-to-one mapping ip : P — > M' and extend </? by mapping 
into C one vertex at a time. Suppose W C W is the set of vertices already mapped; 
if W 7^ W, select an unmapped u E W and let 

{v u ...,v r } = ip(T H («)) C M'. 

Since C Wi C Wo, we see that r < 2q. Then 



|M| 



mi =1 (r fl fa) nc)\>J2 |r B («<) nc|-(r-i) |C| 

i=i 

>r [(l-2p 2 #) |C|] - (r - 1) )C| 

> |C| + r [-2p 2 # |C|] > \C\ + [-4pV |C|] > |C| + 

'|c| + r 



|C| 

p 



|C| 



p 



IWI > IWI . 



Hence, there exists a vertex v G (Hi=i (^b (vi) D C)) \</? (W) . Letting t> = </? (u) , we 
extend </? to W U {w} ; this extension can be continued the entire W is mapped into C. 
(b ) extending p> over H — W — P 
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Since H — W — P is (q + l)-partite, the set V (H) \ (W U P) contains an independent 
set W" with 

iw-l > " - m ~ i p l > "-' 2 " + 1 »i iy l > i-(^ + i)> B > ,„ > M . 

g+1 g+ 1 g + 1 

Now, extend <p to if by mapping arbitrarily W" into A and V (H) \ (W U P U W") 
into M\(/9 (P) . This extension is a monomorphism due to the following facts: 

- W" is independent in H, 

- the set E H (W, W") is empty, 

- the set M induces a complete graph in B, 

- the sets A and M induce a complete bipartite graph in B. 

This completes the proof of the claim. □ 



3.2 Proof of Theorem 12^21 

The proof of Theorem 12.21 is reduced to the following proposition. 

Proposition 3.26 For every p > 3, c > 0, there exists b > s«c/i £/iai if G = G (n) is a 
graph with js p (G) > cn p ~ 2 , then K p (1, 1, t, . . . , t) C G, for t > blogn. □ 

In turn, Proposition 13.261 is implied by the following fact. 

Fact 3.27 For every p > 3, c > there exists b > such that if G = G (n) is a graph 
with k p (G) > cn p , then K p (t) cGfort> bhgn. □ 

The proof of this theorem can be found in |25j . 

3.3 Proof of Theorem [231 

Lemma 3.28 For every p >2,d>l and c > 0, there exists a > 0, such that ifG = G (n) 
and k p (G) > cn p , then G contains every p-partite graph H with \H\ < an and A (H) < d. 

Proof We sketch a proof using the Blow-up Lemma, see [22]. Applying the Regularity 
Lemma of Szemeredi we first find an e-regular partition V (G) = Uf =0 Vi with e <C (p, c), 
l/e < k < K (e) . Remove the vertices from Vq and all edges that belong to: 
-anyP(^); 

- any irregular pair (V£, Vj) ; 

- any pair Vj) with o G (Vi, Vj) < c. 

A straightforward counting shows that the remaining graph contains a K p , and so 
there exists p sets V^, . . . , V ip such that, for every 1 < I < j ' < p, the pair \V iv V^.) is 
e-regular and a (V in Vi ) > c. Using Fact 13.31 we find subsets C^. such that 

-\U h \ = --- = \U ip \>(l-pe)\V il \, 

- for every 1 < I < j < p, the pair (U^, Ui,) is 2e-regular and every vertex u 6 has 
at least c/2 neighbors in Ui,. 
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According to the Blow-up Lemma, the graph G [Uj =1 L7jJ contains all spanning graphs 
with maximum degree at most d, for \U^ \ sufficiently large. Therefore, G [Uj =1 £/jJ con- 
tains all p-partite graphs of order \Ui x \ +p — 1 and of maximum degree at most d. Since 
\Uij_l > nj (2K) , the assertion follows. □ 



3.4 Probabilistic Lemmas 

We deduce Lemma [331 from a more general result; its proof is an adaptation of Sudakov's 
proof of Lemma 2.1 in [32J. 

Lemma 3.29 Suppose G is a bipartite graph with parts V and U with \V\ = n, \U\ = m, 
and e (G) > dnm. Let H be a uniform k-graph with V (H) = V and d (v i, . . . , Vk) < am 
for every {v±, . . . , Vk\ G E (H) . Then there exists W C V with \W\ > (d l /2) n such that 
e(H[W}) < (a/d) i n k - 1 \W\ . 

Proof Chose I G U l uniformly. Let W — V (I) and define the random variables 
X=\W\, Y = e(H[W]), Z = X-^—Y--n. 



We have 

E(X) = — Yd i (v)> — (y^-) >—(dm) i = d i n, 
vev \vev / 

E (Y) < — V cf (ui,..., u fc ) < — t e (H) (amy < a^ 

{vi,...,v k }£E(H) 

Tr ~, / -*r-\ d % d % d i d % -n k 

E (Z) — E X - — —E (Y) - n >-n- -^a'- = 
a % n K 1 2 2 a l n K 1 2 

Thus, there exists Iq G U l for which E (Z) > 0. Then for W = T (Iq) we have 

, , d i d l d i 

\W\ n = X n = Z + —r-rY > 0, 

1 1 2 2 a'n*- 1 ~ ' 

e (H [W]) = Y = ^ (X - Z) < n*" 1 \W\ , 

completing the proof. □ 

Proof of Lemma 13.51 Set a = d 2k ^ x+1 and n = \Ui \ ; let % be the smallest integer such 
that (a/dYn k < 1, i.e., 

k i " A i 

« — 1 < ; — , , , ; Inn = — — ; in n. 

hx(d/a) 2\nd 
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Define a fc-uniform graph H with V (H) = U\\ a fc-set {ui, . . . ,u k } C U\ belongs to 
E (H) if d (tti,..., Uk) < a 1^1 ■ According to Lemma |3.29[ there exists W C U\ with 
|W| > (d i /2)n and 

e(if [W]) < (^V- 1 ^ - G)* n * < L 

Thus, is an independent set in H, and so d {u\, . . . , Uk) > a\U%\ for every fc-set 
{ui, . . . , Ufc} C W. We also have, for n large, 

completing the proof. □ 



4 Degenerate and splittable graphs 

Proposition 12.81 follows from the corollary to the following lemma. 

Lemma 4.1 Let k > l,n > 2 6e integers. For any tree T n of order n, there exists a set 
S k cV (T n ) such that \S k \ < 2 k+2 — 6 and ip (T n - S k ) < 2~ k n. 

Proof We shall use induction on k. According to a result from [12], either if) (T n — uv) < 
2n/3 for some uv G E (T n ) , or if> (T n — u) < n/3 for some u G V(T n ). Therefore, 
if) (T n — u — v ) < 7i/2 for some vertices u, v G V (T n ) , implying the lemma for k = 1 
with Si = {it, i>} . Assume the lemma holds for k — 1 and let S^-i be a set such that 
if) (T n — Sfc.-i) < 2 _fc+1 n. For each component C of T n — S^-i with |C| > 2 _fc n, select two 
vertices u, v G V (C) such ifj {C — u — v) < \C\ /2 < 2~ k n. Since there are fewer than 2 fc 
components C satisfying |C| > 2~ fc n, we deduce that IS^I < l^-il + 2 fc+1 , completing the 
induction step and the proof. □ 



Corollary 4.2 Suppose < 7 < 1 is fixed. For every < 77 < 1, every sufficiently large 
tree is ( r y,r])-splittable. 

Proof Set k = [log 2 l/e] . Lemma 14.11 implies that there exists S C V (T n ) such that 
\S\ < 2 k+2 - 6 and if) (T n - S) < 2' k n < rjn. We deduce that \S\ < 2 k+2 - 6 < 2 k+2 < 
8r/ _1 < n 1 ^ 1 for n large. □ 

Next we sketch the proofs of Proposition 12.61 and 12.51 
Proof of Propostion 12.61 If A (G) < q then A (G k ) < q k ; hence T k is degenerate. 
Let T be 7-crumbling, G G T is a graph of order n and M C V (G) is a set such that 
\M\ < n 1 ^ and ip (G — M) < en. Set 

{M' = v : v G V (G) , there exists u G M with dist (u, v) < k} . 
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If A and B are components of G - M, then dist (A - M',B - M') > 2k. Therefore, 
ip (G k — M'J < en, implying that T k is (7/2)-crumbling. □ 



Proof of Propostion l2.5l Burr and Erdos ([7], Lemma 5.4) proved that for every graph G 
there exists k > 1 such that every graph of order n homeomorphic to G can be embedded 
in P k . This completes the proof, in view of Propositions 12.71 and 12.61 □ 

Proof of Propostion 12.101 Observe that if G\ is gi-degenerate and G2 is (^-degenerate 
then G\ x G 2 is (qi + g 2 )-degenerate. Also let G\ = G (n) be a (71, r]i)-splittable graph 
and G 2 = G (m) be a (72, ^ 2 )-splittable graph. Suppose m < n, select M C V (Gi) with 
\M\ < n 1 "^ 2 such that ip (d - M) < ^n. Then 

\M xV (G 2 )\ = n x -^m < (mn) 1_7l/2 

and ijj (Gi x G 2 — M x V (G 2 )) < r\\nm. Therefore, the graph Gi x G 2 is (7, ^)-splittable 
with 7 = min {71/2, 72/2} and r\ = max {rji, r] 2 } □ 

Proof of Propostion 12. lTI Let T be a 7-crumbling family. Suppose G G T is a graph of 
order nandMcV (G) is such that |M| < n 1 " 7 and ip (G - M) < nn. Let (p : G kn — > G 
be the homomorphism mapping every vertex to its ancestor. From the graph G kn remove 
the set M' = ip -1 (M) . If G is a component of G — M, then <^ -1 (G) is a component of 
G k " - M' and so 

ij) (G k ™ - M') < Kip (G — M) < if T^i. 

Also, 

|M'| < if |M I < ifn 1 - 7 < (Kn) 1 -^ 2 
for n large. Hence, |G kn } is a (7/2)-crumbling family. □ 

5 Disproof of Conjecture 11.2 

In this section we shall prove the following result. 

Theorem 5.1 For n sufficiently large, almost all connected 100-regular graphs of order 
n are not 3-good. 

Our idea is a refinement of the main idea in [5]; however to simplify the presentation, 
we use newer, more powerful results. 

Define a 2-coloring E(if 2 n-i) = E(R) U E(B) as follows. Partition V(K 2n -i) = 
[2n — 1] into five sets Vi, . . . ,V 5 so that |Vi| < . . . < |V 5 | < |T4| + 1; thus, each set has 
[(2n - 1)/5J or \(2n - l)/5] vertices. Set E (R) = {uv : u <E V h v G Vj, i - j = ±1 (mod 5)} 
and let all other edges belong to E (B). Clearly, the graph R is if3-free. We claim that, 
for n sufficiently large, G ^ B for almost all connected 100-regular graphs G of order n. 
To prove this claim we need first a proposition. 
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Proposition 5.2 Every subgraph of B of order n contains two disjoint sets sets X and 
Y with \X\ \Y\ > n 2 /25 - O (n) and e B (X, Y) = 0. 

Proof Let q(n) be the largest integer such that every n-element subset of V(K n _i) = 
[2n — 1] induces a complete bipartite subgraph of size q{n) in R. We shall prove that 



<?H > 25 -°( n )> 

implying the desired result. 

Let X be an n-element subset of [2n — 1], and set Xi = X PI Vi for 1 < i < 5. We 
may assume that \X$\ = max|Xj|. Note that X induces two complete bipartite graph 

i 

in R - one with parts X 5 and X± U X 2 and another one with parts X 2 and X 3 . Since 
\Xi\ = n, either |Xl| + |X 4 | + |X 5 | > n/2 or \X 2 \ + \X 3 \ > n/2. We consider each 
of these two possibilities in turn. If + |X 4 | + \X 5 \ > n/2, then 3 \X 5 \ > n/2 and 
1^5 1 < \(2n — 1) /5] . Since xin/2 — x) is a concave function of x, its minimum over [a, 6] 
is min{a(n/2 — a), b(n/2 — b)}. Thus, the size of the complete bipartite graph with parts 
X 5 and X% U X 2 is at least 



|X;| (n/2 - |X 5 |) > min 



2n 



n 



2n - 1 



n 
25 



0(n) 



Suppose \X 2 1 + IX3 1 > n/2 and assume that 1 > IX3I. Thenn/4< IX2I < \(2n — l)/5]. 
As before we find that the size of the complete bipartite subgraph with parts X 2 and X 3 
is at least n 2 /25 — 0(n), completing the proof. □ 

Recently Friedman [X 8J confirmed a conjecture of Alon, proving the following result. 

Fact 5.3 For even d > 4 and every e > 0, the second singular value o 2 of almost all 
d-regular graphs satisfies 

cr 2 < 2Vd -l + e. 



Earlier, Robinson and Wormald [31] proved that for d > 3, almost all d- regular graphs 
are Hamiltonian. Therefore, we have the following simple corollary. 

Fact 5.4 For d > 3, almost every d-regular graph is connected. 

We need also the following statement, generally known as the "Expander mixing 
lemma", (for a proof see [21], p. 11). 

Fact 5.5 For every d-regular graph G of order n and every nonempty sets X,Y C V (G) , 

< a 2 (G) y/\X\ \Y\. 



e(X,Y) - -1X1 \Y 
n 
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Facts [5731 and 15.41 imply that almost every 100-regular graph G is connected and satisfies 

a 2 (G) < 2Vd-l + e. 

If such a graph of sufficiently large order is 3-good, then Proposition implies that G 
contains two disjoint sets X and Y such that |X| \Y\ > n 2 /25 — O (n) and e (X, Y) = 0. 
Hence, 

— \X\\Y\ <a 2 (G)yf\X\\Y\ 
n 

and so, 

20 (1 + o (1)) < — J\X\ \Y\ < a 2 (G) < 2V99 + e, 
n 

a contradiction for large n and e sufficiently small. 
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